tlat families

Recall: An R-module M is flat £ V¥V N'SN R-moduls

e induwd e p M ODR[\)/—’MGDI\) i% \'mde,dn\/(_ (Recall twat
+w?ow'w:vj almay jpret esves wro'e.a‘mss

W2 showed that  |ocal izahon i$ exact i.e RCUJJ is o {lak
R-module.

We  will see Twat hig notion 1% (,log,&l'j tonhected To
Twe deq oL vcwid-ics/ sChavary o~ qlgzlom,s Vcn/ﬂwj in
O ‘Falm(llj.

Ex: Twe wost natuval CXCwV\pkL oA a 'F'Ww;l:j s pla/wz_ cyrves

T &ijce. d - T\’\-kj qvc_ji\/u,‘ b:j f = > G, 7(5(65 .

t+<'\<.f,| d

Wl  we ch,j v Coe.-P\cic.iw{'SJ W< vcw-j ‘l'\/\g Cuvve.
A(Jg,km(c,q“.jl wL_je,‘(‘ T\/u_ Covv:.gpumdiln.ﬁ C((je_,bWLS k[«,%)-

Rou\jl"(\\j, e qia POIVOWV\_LJ'V(%Q, v tUuvrves omd Wwe j,c(- a map
to M"pavaw\.&w sloau." wheve  each fibev is  Twe Covvcspuv\d;inj
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So why  hot dus{- defive « '(:al/m"\‘j oy o Wovp(/l{am?
i.e. each  member of Tue -Faw\((:] s Q& ‘F(b—el/

This  debfinidion is 1o Wq(. ln twe  Cuvve exompl, va,vgfv\jm
puwvamcters  also Varies Tue g,e(ﬁm_d"rg of e wwe in a hatural way.

2.4, Ifxﬂ-& =0 gives a(M){-"amihj ot curves, omdd as a =0 it
AA‘FD‘VW‘& {V\DVVl o [’\_ij«WbOlk_ s e tuion ol ‘{'WO lfVLLS

LR

P
=\

[ ]

However i+ all twe wefpicients ave (D, -0, w we get Tue
whole Plcwm.) whith doesn't &t in l/tic,e_\g M a -:'-‘Ovvml((j ol wuvryes,

G vem wovse, (f B—=A" is T lolowup oA A ot ovigin, all Tue
fibevs ave Sl'vlﬁ(e. points oty Thoan The exceptional  Fibey; which

i« a whole [iwa.

It twns out Tat the Wiy we ectlude Tuese cases i b3 requiving
Twe map b be flat.

i.e. fovr a W\DV‘Pl’lf‘km oA Vavieties ¢ X%BJ oned  xe X,

we wont Tweve +o e o op-em (/u_l'jlnhmrhood



U o x o Vo €02 st Q vestride v U2V,
w\,\,ol h/\,g covres PD’V\A;MJ MQP o—-p- V“’lﬁs R _95 thk_e,_s S
Hat o0& om R ~m sdu Le.

Well First Jivq_ 30me mMmove je_ovvw;hfic e_xowmpu_s, ardh Thum
inw;shjaice flatness move ohqollj.

Forr twese examples, set R.=|QUTJJ k=t.

Ex: S=Rcﬂ/(x~t), SER, ad ROEN=N V N, » R ig flat

Gwm%iwzllaj we have Twe ﬁ(lle'\:j

¢ e Spec k()ﬂ’c]ﬁ}f

|

Over Twe point ("7—0&»3 m Spcc,R) we have (‘K—a.)-b—a\,)

E’_X,3 S= RC"]/(X?-_.&)

. Pveivmoje ol (t-a) s
(~ tq){:-ﬁ) = Spec (V—C%l-k)\= 2 pornts
: Qv o + 0.
\L ’PV‘C‘.VVLR.ﬂL o (_‘lﬁ) T
o k (%) .
Spee (7 Vary) = Vo

k(x) _
HOW:.V-ov, Wwotice Twat Dl"W‘k, é’--«)) =2 v oa.



S 5 «w Free R'W\of)-u.u. of romk T (_'xt‘t W\'W\CCJ\)
o 5@, NT RN = NON fbr all Romaduls N.  In pavticular

‘I'W?ov(l/j J”'D 8 presevves EMd€L+lmAf/ A1) ({"8 'F(a'(.

E_x_: S = pc%f(x-l», lw 9, tx<t”
Twe fiber oter (‘C“"-)) ~¥0, iy

/ O pec (h%«—lﬁ T e point

j 6 =0, e fiber iy Spec k) = A
l So Twue Fibers don't vowy m(cc_(y fn oC
* ‘ﬂw\mi(zj. [ ﬁad—, we Wil svon ke That

S i not Llat over R.

Free cho(u‘h'd\ng and Tov

Whan o(f&ou;giv\j flatness, it'g Vewy useful o know o little
l’w‘l/nolcﬁic,q( a(gzcbrq, Heve's o brieft iwho f  lov

Let M be ann R-l’vxodu(e_ A free vesolution £ M iy &

Yuence
_ -ﬂF—_‘ ‘ﬁ{-‘o — M —=0

Where each F; is o 'Fw& Wodu(g ol Tue Sequuna s exa 4.

Note twat we Can, Comshrudt o« ‘FV{{ Vtsol,u‘ﬁlnn fov WVIJ I/Vtoolu(ﬂ.
os  Pollows:



Le.+ é’”igiej Ll- o 3’“""/"“'}‘."5 Src(' for M T se t E’:ie@:rRJ
omd e e; be Tve (™ basig vector h Fs.

We have Fo ‘_>M wva&d-fvz. [+ Mo = k“’CF"ﬁ MS ) we n"{ml—
e; F=m,
Tis  process w/ My amd 9t F—=FK =M 20 exad

We o tontmue s process (P"“;H‘j CVW‘hmug Vmclm'i\.j O\.

kCry) ~
G_K‘ et M- U/('x,g) =k Twis g Wﬂ-d |ﬂ'\g l.

R—M-—o0
| — |
The kevnel 6 C".la])wl'n‘(.l« (s grun-ated Lnj % ond 9.
2
R —R — M —0

(a, k) —> ouxJ—LJ

Tue kel iy Wch l'n:, C"‘j/")-

oeR—aRl——)R — M =0
F o= (-4y,4n)
injechve.
Twis gives us o fee vesolubim. Note that fhis 16 ot umique.
1+ vequives a choice ot govators, amd  we  could alsp add o
wper-fiuous R eummands ab sy polnt  ond (jus{- send T,
O,



D_Q‘- ket M o N be R—Wtoelul.g, o

. — F,—F, -M—=0

o free respluhon of M. _rDVI: (M;N> iy e l’lCWV\o(ojLJ o FeN

o+ e complex

. DPREN=F aN — F,_oN —.->FeN—DO0
A\
Jeer (F; &N = F;, ®N) Rave oy ¥

t i i+ i M
That s, it s wm (FyON = FoN)

Faits about Tov:

W)ty well-defiund. e it's mde peradent oA twe cho senn ewolution.

2’3 T"’i(M' N)’%'TG.?(N) l"\), ice. We can compute (+ lmaL \afho((vj a Bree
resolutionw oR N instead.

3.3 _rovoR<M,N)= Lo kev (MlGDN - M, @ N>. But +CMsov{V\j % ijlnf‘

exact, so This (g du_ﬂ’ M N.
d) [+ M s ‘{'yggj hMun 0 _>M—>M—9 O is a Free tesolubipn.

— Tov, (M,N)=0 ¥ (>0

5\ TDV;R(M,M) is R-biliegi-: mult. onn M by reR ivdutes mult
by ¥ ow TSVF(M,N)

(..) R NDQT\AJ.VFQM) M vak NJ -Fg = ToriK(M) N) ﬂj



EDIES S is a flat R‘ﬂg,b)ovql'hw\n
S @ Torr (MN) =Tor® (Sa M, S@eN)  (Exeveix)
Z.) Tov is Tue left devived Bumctor of temgorv pVD(luLJ'. That (s,

Q. 0= M —>M=>M">30 it ow exoat Sc_a‘u.u/\(,(,o-@

P\-modul_asJ T  Twre ig a lm«)j exact sequmnc

")TOVL(Ml“)M)—a To,(MIN)— Tov, (MN}—= Tov, (MIN) — H'@N — Me N — MBN — 0

_E_X_'- t Rkl T we hawe twe ‘FD|\O\ANVj free vesoluhion oft

k(x) .
Zo%
0 — R ——’R—"Z/(_,()_”O
. X

L6 M is oy R-module, we hawe

Tov, (R/cx),M) = H5(0—>M'1’ M= 0), w

Tov, (R/(,'X)JM) = V\/KM
Tov, (o, 1) {meM [ wm =0

o d all laij\«ur —IBV( hve O

lw fout this holds more %Mwm(lv fov oy R, omd xR a NZD.

lav avd  flatness

There is om immediate mnechon between Tov  and flathess:

Tor, (IMN) =0 =5 U is flab => Tt (MN)=0 V i 0.

(e mexk H\N)



Of wurse, Twis umbthavd o check, but we have e 'FO(SO\U'I%
thonger  criterion fov flotness:

Pop: R« ving , M am R-wodule.

) & TER i am tdeal, LoM—-M (:l'l/u_ wmutiplication Wtqp)

s o imacc{-t\m ) EV?CR/IJM)=O-

2) M g Llat & tue cmdibin in 1) 0% cabstied Y iduals
T cR.

E; ')(}J\asfdw ™Me ot  exact SCG(lUMLL

0=>T—-R —RL —o0
Then  we jd— a 10143 exoct S—CC(LU/MQ,:

.. -s'ITwI(R)M)—a Tov, (R/IJM) — TN — RAM —___

Li 0

o) x f M
so Twig / is 0 (£F 4 fv\d'uh\/e_

2Y £ M g flat, e ondition s satisfied oy dafinition.
ASSHVVUL Twe uj%dl'hl)')’\ ik sahsfied V ideals LcR.

L?,J\' NIQN k\—& R-W\O(LMLQS,

Considenr T map NO@M-—NOM.



This  conditron mqu involves ﬁm{{-altj Moy elerments o N.
RLP[U-C& N w/ twe submodule W“'(.A 193 those elenants.
T we Con Msume N 's {'\’m{{-dJ g,wu,v-a,(’td, ]ma h Wq‘h}r&

Ty, %’ F3 ‘Fl'Vl!“l'Qlta Wa+do‘.

MCH
bt N =No€N, €N =N, whve K T8 qomerabed by on

elevaant.

I+ N; @M = N;,, @M i¢ injective fov each i, wetre dowe, $D Assumae
N N
N/N/ is gx/-wca'(‘td b_"j ove elemant. Tum R -—» /N/, >0 N/N/: R/CJ

some.  i1deal LcR.

Tov-‘(N/N'JM)—DN,@M — NeM is exact.

A

0 by assumphon, & N'O@M - Ne@M s injective. I

ln -ﬁa,ul-, with a litHe 'h"’-‘?-q—k""‘jj one com show thwat The condihom O'M‘Aj
heeds to hold for finitely Wﬂd rduaals.

From this, we get & hice speci al cose about moduley over Pibs.

First we wed a definitin:

M-‘ An R-medule Mg 'Iv_v_s:_m -_F_\(_q_,e (’L refl a N?D, meM newzero



T vm 0., e Tue only elewmamt in M annchilated b‘d a

howzao divigov- ine R s O

Cov: L) 1 M iy o flak R-module, e M is torsion fiee.

2) ¥ R ig a PIDMmen M is flat B M is tovsiom free.

Bt \-) Let 2R he o nonzerodivisor (in R)

D efine R —R lma = av. This is oam iv-d'e.c,‘hbh, Svi ¢

Mg flat, ROMSROM ig o tnjechn. But Tuig i T
map MQM) o o 05 a NZD om M, o My dvemn Hree.

2.) h—:jol,wws Img [. Fov “L\.") assuime M ig torsion free ovar R\
o PID (ad Ty a o[ol/ku'h).

Le+ I.C_R bhe oam idal. M I:’C&). WTS Tuv‘RQZ/(A)JM.):O-

£ 0 =0, wele divie sine R i flat. I &40, twn by om exomple

Otbuve,
Tov, (%), M) ’E”"eM}“W‘“’E =01

Now we return v tue exommple from hefore :

_ (x)
Ex: k-k, Rﬂzﬁﬂj 5= R%(«-z)). S hay torgim:  t (x-1) =0,
s S is not flar ove R.



A Vaa(hd ivvxpor{-am{‘ v per-ty o Flatness i4% Tat it is local.
Geowmetvically, tat muwams That you tan  Check  for flatness
moan  nwBhitesime | heiﬂhbovlnoud ot eath pornt. A(j&b""*"w“‘ﬂ, i

mems  We  om  ctheck  flatiess by lucalt‘éivtﬁ at each prime’

Pop: M is flat over R < My is flatb over Ry fov all prims
P.
Pt Suppose M is flot ovar R, Twm if
02NN —=N">0 s om exact squmce of Rymodule,
0> MeeN'— M@N—=> M& N "=0 it exact tv.
But M ®p N & M®, N as Rp-moduts
Mmoo —— X @Y o Tl inverse s G @ KON MO,

Thas, M ig Hat.

Now 0AS U Ay, M s !l_O_‘l‘ 'F[a-[- T, -h/u.va_ls e shovt exact sequamce
D“L R'WIOMLLS 0O— N'—)N—a N I'_eo T\I\O«'l'l% not exoct w "'WSDthj

gy Mo M 02 K= Mo N' =M N —=>MeN">0 & eadt
2 /
leer e | o

02K, - M, ®R,N; = M@ N, =M@ N 20 s exact, o M, isn't flat.0



Nobe twat we couldie replaced “prime ideals" wity "maximal ideals”

Ex: The ‘problem  pornt” o4 M: kcv{,t]/(t('x—n\ os an R = E(-module

was (). e fadt, localizing at €, We get

= k(x6)
M = €3] . :
® /(’c (7“'))&, whith has tovgion,

At any otner pun’vn") t hecomes a unit, (o

My e

x=1

) = k[t](e—a)) Which rg & free R({._a]-mag&‘(‘

e 'H’lu,s Elat.



